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Nobel Prize in Physics 1981

They “founded a new field of science we now call 

nonlinear optics” by mixing “two or more beams 

of laser light […] in order to produce laser light 

of a different wavelength”

A Field Worth a Nobel Prize

The “birth” of nonlinear optics

Nonlinear optics was “born” in 1961, in a seminal 

paper by Peter Franken and coworkers, reporting 

second-harmonic generation of a ruby laser in a 

quartz crystal. This was just one year after T. H. 

Maiman invented the first laser.
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E

𝑬 𝒓, 𝑡 =
1

𝜀0
[𝑫 𝒓, 𝑡 − 𝑷 𝒓, 𝑡 ]

The total electric field inside the solid is:

Perturbation

Response
Electric displacement

(free charges)
Polarization
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E

𝑬 𝒓, 𝑡 =
1

𝜀0
[𝑫 𝒓, 𝑡 − 𝑷 𝒓, 𝑡 ]

The total electric field inside the solid is:

Perturbation

Response
Electric displacement

(free charges)
Polarization

In general, one can expand the polarization at different 

orders in the perturbating field E:

𝑷 =  𝑷𝟎 +  𝜒(1)𝑬 + 𝜒(2)𝑬2 + 𝜒(3)𝑬3 + ⋯

Intrinsic 

polarization

𝜒(𝑛) n-th order 

response coefficient 

(susceptibility)

Linear 

response

Nonlinear 

response

• Absorption

• Refraction

• …

• SHG

• Pockels effect

• Two-photon absorption

• (DC and optical) Kerr effect

• High-harmonic generation

• …
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Intrinsic 

polarization

𝜒(𝑛) n-th order 

response coefficient 

(susceptibility)

Linear 

response

Nonlinear 

response

• Absorption

• Refraction

• …

• SHG

• Pockels effect

• Two-photon absorption

• (DC and optical) Kerr effect

• High-harmonic generation

• …

Cases where the expansion is not valid:

▪ very strong fields

▪ non-univocal relation between P and E (hysteresis)

▪ close to phase transitions



Nonlinear optics boasts a wealth of possible applications: physics, optoelectronics, medicine, materials science 

– and even in real life! 

Introduction – 2. Applications 
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➢ Laser control: modify laser beam shape, wavelength, and intensity.

➢ Biological imaging: visualize protein dynamics in living systems.

➢ Quantum optics: generate entangled photons.

➢ Material characterization: reveal electronic and structural 

properties of materials.

➢ Symmetry probing: study phase transitions and symmetry 

breaking.

➢ Surfaces and interfaces: map deposited layers, size, and 

orientation.

➢ Liquids: study liquid-liquid and gas-liquid interfaces.

➢ Optical fibers: wavelength conversion, signal amplification.

Introduction – 3. Scientific and technological applications 

Simone Grillo | MPSD | YRM2026 5



Theory and methods – 1. Comparing strategies
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Frequency-domain 

(perturbative) approaches

Real-time

(non-perturbative) approaches

Based on a perturbative expansion of the 

response with respect to the external field, 

with explicit calculation of the n-th order 

susceptibilities. 

Direct time propagation of the electronic system 

under an external field, and the nonlinear response 

is extracted from time-dependent polarization or 

current.

1. Expand analytically 

2. Solve for 𝜒(𝑛)

3. Strategy: sum-over-states, Sternheimer equation

1. Propagate system 

2. Extract 𝜒(𝑛) at any order from 𝐽(𝑡) or 𝑃(𝑡) 

3. Strategy: time evolution
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Frequency-domain 

(perturbative) approaches

Real-time

(non-perturbative) approaches

Based on a perturbative expansion of the 

response with respect to the external field, 

with explicit calculation of the n-th order 

susceptibilities. 

Direct time propagation of the electronic system 

under an external field, and the nonlinear response 

is extracted from time-dependent polarization or 

current.

1. Expand analytically 

2. Solve for 𝜒(𝑛)

3. Strategy: sum-over-states, Sternheimer equation

PROS

• Direct access to each 𝜒(𝑛)

• Clear physical interpretation

CONS

• Order-by-order derivation

• Complexity explodes

• Limited to weak fields

PROS

• Extraction of 𝜒(𝑛) at any order

• Suitable for strong fields

CONS

• Higher computational cost

• No explicit formulas for 𝜒(𝑛) 
• More cumbersome (Fourier) analysis

1. Propagate system 

2. Extract 𝜒(𝑛) at any order from 𝐽(𝑡) or 𝑃(𝑡) 

3. Strategy: time evolution
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Frequency-domain 

(perturbative) approaches

Real-time

(non-perturbative) approaches

Based on a perturbative expansion of the 

response with respect to the external field, 

with explicit calculation of the n-th order 

susceptibilities. 

Direct time propagation of the electronic system 

under an external field, and the nonlinear response 

is extracted from time-dependent polarization or 

current.

Theoretical frameworks

• Independent particle approximation (IPA) [1]

• Time-dependent density functional theory (TD-DFT) [2]

• Many-body perturbation theory (MBPT) [3]

Theoretical frameworks

• TD-DFT [4]

• Nonequilibrium Green’s functions (NEGF) [5]

• Time-dependent Bethe-Salpeter equation (TD-BSE) [6]

• Time-dependent Schrödinger equation (TD-SE) [7]

[1] Physical Review B 48.16 (1993): 11705

[2] Physical Review B 53.23 (1996): 15638, Physical Review B 82.23 (2010): 235201

[3] Physical Review B 71.19 (2005): 195209, Physical Review B 65.3 (2001): 035205

[4] Journal of Molecular Structure: THEOCHEM 914.1-3 (2009): 3-18

[5] https://doi.org/10.1201/9780429493218

[6] Physical Review B 84.24 (2011): 245110

[7] Physical Review B 88.23 (2013): 235113

In a nutshell:

Frequency-domain approaches are ideal for accurate and interpretable low-order response.

Real-time approaches provide a flexible route to nonlinear dynamics and higher-order effects beyond perturbation theory.
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෡𝐻𝒌
𝑒𝑓𝑓

(𝑡) = ෡𝐻𝒌
0 + ෡𝑊𝒌(𝑬, 𝑡)

Zero-field unperturbed Hamiltonian

(varying according to the level of theory)

Perturbation term

(coupling with the external field)

Consider an effective Hamiltonian of a crystal coupled to a time-dependent electric field [1, 2]:

[1] Physical Review B 69.8 (2004): 085106; [2] Physical Review B 88.23 (2013): 235113
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෡𝐻𝒌
𝑒𝑓𝑓

(𝑡) = ෡𝐻𝒌
0 + ෡𝑊𝒌(𝑬, 𝑡)

Zero-field unperturbed Hamiltonian

(varying according to the level of theory)

Perturbation term

(coupling with the external field)

Consider an effective Hamiltonian of a crystal coupled to a time-dependent electric field [1, 2]:

Key point of this approach: time-evolution of the time-dependent Bloch states ۧ|𝑣𝑛𝒌(𝑡) , periodic part of the states 𝜓𝑛𝒌(𝒓, 𝑡) = 𝑒𝑖𝒌∙𝒓𝑣𝑛𝒌(𝒓, 𝑡).

States at time t are obtained upon time-evolution according to the EOM:

෡𝐻𝒌
𝑒𝑓𝑓

(𝑡) − 𝑖ℏ𝜕𝑡 ۧ|𝑣𝑛𝒌(𝑡) = 0

with the boundary condition for the zero-field time-zero states 𝜓𝑛𝒌 𝒓, 𝑡 = 0 ≡ 𝑒𝑖𝒌∙𝒓𝜇𝑛𝒌(𝒓)  (e.g. Kohn-Sham DFT states 𝜙𝑛𝒌
𝐾𝑆 𝒓  ).

[1] Physical Review B 69.8 (2004): 085106; [2] Physical Review B 88.23 (2013): 235113

Time-dependent Schrödinger Equation 

(TDSE)



Theory and methods – 3. Real-time approach: Berry-phase formulation 
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[1] Physical Review B 69.8 (2004): 085106; [2] Physical Review B 88.23 (2013): 235113

A possible choice for the coupling to the electric field is the length gauge:

෡𝑊𝒌 𝑬, 𝑡 = −𝑒𝑬(𝑡) Ƹ𝑟

• The position operator is ill-defined in periodic systems.

• An operator valid beyond the linear regime is required.
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[1] Physical Review B 69.8 (2004): 085106; [2] Physical Review B 88.23 (2013): 235113; [3] Physical Review B 48.7 (1993): 4442

A possible choice for the coupling to the electric field is the length gauge:

෡𝑊𝒌 𝑬, 𝑡 = −𝑒𝑬(𝑡) Ƹ𝑟

• The position operator is ill-defined in periodic systems.

• An operator valid beyond the linear regime is required.

Solution: Berry-phase formulation of the dynamical polarization [3]:

𝑃α =
2𝑒

2π 3
න

𝐵𝑍

𝑑 𝐤 ෍
𝑛=1

𝑛𝑏

𝑣𝑛𝐤 𝑖
𝜕

𝜕𝐤α
𝑣𝑛𝐤 King-Smith and Vanderbilt formula

෡𝑊𝒌 𝑬, 𝑡 = ෝ𝑤𝒌(𝑬, 𝑡) + ෝ𝑤𝒌
†(𝑬, 𝑡)

The perturbation term is defined in terms of field coupling operators ෝ𝑤𝒌 :

containing a two-points central finite difference approximation of 𝜕𝒌𝛼
| ۧ𝑣𝑛𝐤 .
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We are interested in crystalline solids, periodic systems:

Atomic structure Starting Hamiltonian

All the complexity (and accuracy) of the description 

lies in the choice of the unperturbed Hamiltonian ෡𝐻𝒌
0 .

෡𝐻𝒌
𝑒𝑓𝑓

(𝑡) = ෡𝐻𝒌
0 + ෡𝑊𝒌(𝑬, 𝑡)
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50 shades of Hamiltonians

IPA
DFT, TB

IQPA
GW, scissor operator

TDH

TDaGW/TDBSE
HSEX, LSEX

We are interested in crystalline solids, periodic systems:

Atomic structure Starting Hamiltonian

All the complexity (and accuracy) of the description 

lies in the choice of the unperturbed Hamiltonian ෡𝐻𝒌
0 .

෡𝐻𝒌
𝑒𝑓𝑓

(𝑡) = ෡𝐻𝒌
0 + ෡𝑊𝒌(𝑬, 𝑡)

∆𝜌, ∆γ : variations in the density 𝜌 and 
density matrix 𝛾 induced by the external field.



Density Functional Theory (DFT) 
Single-particle approach for the study of the ground-state 

properties of materials (crystalline structure, phonons, DOS,…)

Many-Body Perturbation Theory (MBPT)
Green’s function theory for the study of the excited-state 

properties of materials (QP corrections, band offsets, excitons, …)

• Increased complexity

• Increased computational cost

Ground state properties

Underestimated band gap

Quasiparticle renormalization

Wrong absorption threshold

Excitonic optical spectrum

Missing “exotic” effects

Theory and methods – 5. Computational framework
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Journal of physics: Condensed matter 21.39 (2009): 395502 Journal of physics: Condensed matter 31.32 (2019): 325902
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Density Functional Theory (DFT) 
Single-particle approach for the study of the ground-state 

properties of materials (crystalline structure, phonons, DOS,…)

Many-Body Perturbation Theory (MBPT)
Green’s function theory for the study of the excited-state 

properties of materials (QP corrections, band offsets, excitons, …)



Journal of physics: Condensed matter 31.32 (2019): 325902; Physical Review B 88.23 (2013): 235113

Theory and methods – 5. Computational framework
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Operational scheme

i. Start from zero-field zero-time Hamiltonian:

eigenvalues 𝜀𝑛𝒌, and eigenfunctions | ۧ𝜇𝑛𝒌 at the desired

level of theory (IPA, IQPA, etc.).

i. Integrate EOM in the presence of a monochromatic 

electric field 𝑬(𝑡) to obtain 𝑷(𝑡).

ii. Fourier-transform 𝑷(𝑡) to extract susceptibilities 𝜒 𝑛 at 

any order.

iii. Repeat step (ii) and (iii) varying the laser frequency 

within the desired energy range.

Fourier analysis: extract 𝜒(𝑛) at any order 

𝑷(𝑡) =  𝜒 1 𝑬(𝑡) + 𝜒 2 𝑬2(𝑡) + 𝜒 3 𝑬3(𝑡) + ⋯

Integration of the EOM

𝑖ℏ
𝑑

𝑑𝑡
| ۧ𝑣𝑛𝒌 = ෡𝐻𝒌

0 + ෝ𝑤𝒌(𝑬, 𝑡) + ෝ𝑤𝒌
†(𝑬, 𝑡) | ۧ𝑣𝑛𝒌

𝑷(𝑡) = ෍
𝑛

𝑝(𝑛) 𝑒−𝑖𝑛𝜔𝐿𝑡
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𝑃𝑖 𝜔 = 𝜒𝑖𝑗
(1)

𝜔; 𝜔 𝐸𝑗 𝜔 +

 +𝜒𝑖𝑗𝑘
(2)

𝜔; 𝜔1, 𝜔2 𝐸𝑗 𝜔1 𝐸𝑘 𝜔2 +

 +𝜒𝑖𝑗𝑘𝑙
(3)

𝜔; 𝜔1, 𝜔2, 𝜔3 𝐸𝑗 𝜔1 𝐸𝑘 𝜔2 𝐸𝑙 𝜔3 +  …

Considering the polarization expasion 𝑷 𝑡 =  𝜒 1 𝑬 𝑡 + 𝜒 2 𝑬2 𝑡 +  … in frequency space (𝑷 and 𝑬 vectors and 𝜒(𝑛) tensors):
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𝑃𝑖 𝜔 = 𝜒𝑖𝑗
(1)

𝜔; 𝜔 𝐸𝑗 𝜔 +
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𝜔; 𝜔1, 𝜔2, 𝜔3 𝐸𝑗 𝜔1 𝐸𝑘 𝜔2 𝐸𝑙 𝜔3 +  … Output frequency Input frequencies

Biophysical Reviews 12.6 (2020): 1321-1329Proceedings of the National Academy of Sciences 107.33 (2010): 14535-14540

SHG: The electric field of the incident beam results in the 

polarization of the medium, re-emitting light at the original 

frequency ωi but also at the frequency 2ωi.

Considering the polarization expasion 𝑷 𝑡 =  𝜒 1 𝑬 𝑡 + 𝜒 2 𝑬2 𝑡 +  … in frequency space (𝑷 and 𝑬 vectors and 𝜒(𝑛) tensors):
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A system displaying spacial inversion symmetry 

(i.e. centrosymmetric) has vanishing susceptibility 

tensors of even order 𝜒(2) = 𝜒(4) = 𝜒(6) = 0 .

Symmetries play a critical role in the nonlinear response of solids, including SHG.

15
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A system displaying spacial inversion symmetry 

(i.e. centrosymmetric) has vanishing susceptibility 

tensors of even order 𝜒(2) = 𝜒(4) = 𝜒(6) = 0 .

Symmetries play a critical role in the nonlinear response of solids, including SHG.

Example: 𝜒(2) (SHG). For a monochromatic field (with 𝜔1 = 𝜔2):

Inverting spacial coordinates: 𝒓 → −𝒓: P and E (vectors) must change sign

If spacial inversion holds, the two relations must be equal, then 𝜒(2) −2𝜔 = 0.

                        A system with such symmetry (centrosymmetric) cannot show SHG.

𝑷(𝟐) 2𝜔 = 𝜒(2) −2𝜔 𝑬𝟐 𝜔

−𝑷(𝟐) 2𝜔 = 𝜒(2) −2𝜔 𝑬𝟐 𝜔
Can we induce SHG in a 

centrosymmetric system?

15
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Nano letters 17.1 (2017): 392-398

Our objectivesOur inspiration

➢ Get more physical insights

➢ Validate experimental results

➢ Include excitonic effects

SciPost Physics Core 7.4 (2024): 081



In 2H-MoS2 inversion symmetry is layer-dependent:

• Odd number of layers             Inversion symmetry             SHG

• Even number of layers            Inversion symmetry             SHG

Original results – 1. Inducing and tuning SHG
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2H-MoS2

𝓔

𝜔

2𝜔

𝜔

SciPost Physics Core 7.4 (2024): 081



SHG can be induced (and tuned) by applying a static electric field 𝓔 along 

the non-periodic direction (out-of-plane).

In 2H-MoS2 inversion symmetry is layer-dependent:

• Odd number of layers             Inversion symmetry             SHG

• Even number of layers            Inversion symmetry             SHG
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2H-MoS2

𝓔

𝜔

2𝜔

𝜔

SciPost Physics Core 7.4 (2024): 081



𝑃𝑖
(2)

𝜔 = ෍

𝑗𝑘

𝜒𝑖𝑗𝑘
(2)

−2𝜔; 𝜔, 𝜔 +
𝑑𝜒𝑖𝑗𝑘

2
(𝑹 𝓔 , 𝓔)

𝑑𝓔𝒍
𝛥𝓔𝒍 𝐸𝑗 𝜔 𝐸𝑘 𝜔

𝑑𝜒𝑖𝑗𝑘
2

(𝑹 𝓔 , 𝓔)

𝑑𝓔𝒍
= lim

𝓔𝒍→0

𝜕𝜒𝑖𝑗𝑘
2

(𝑹𝟎, 𝓔)

𝜕𝓔𝒍
+ ෍

𝑛𝛼

lim
𝑹→𝑹𝟎

𝜕𝜒𝑖𝑗𝑘
2

(𝑹, 𝓔 = 0)

𝜕𝜏𝑛𝛼

𝜕𝜏𝑛𝛼

𝜕𝓔𝒍

SHG induced by the 

atomic displacements

SHG induced by the 

electronic distribution

SHG can be induced (and tuned) by applying a static electric field 𝓔 along 

the non-periodic direction (out-of-plane).

Two more terms appear in the second-order polarization:

In 2H-MoS2 inversion symmetry is layer-dependent:

• Odd number of layers             Inversion symmetry             SHG

• Even number of layers            Inversion symmetry             SHG

Original results – 1. Inducing and tuning SHG
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2H-MoS2

𝓔

𝜔

2𝜔

𝜔

SciPost Physics Core 7.4 (2024): 081
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the direction α in the presence of an external field 𝓔
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2

(𝑹𝟎, 𝓔)

𝜕𝓔𝒍
= 𝜒𝑖𝑗𝑘𝑙

3
−2𝜔; 𝜔, 𝜔, 0

Electronic contribution to SHG with the 

atoms fixed in their equilibrium positions.
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[1] SciPost Physics Core 7.4 (2024): 081; [2] Nano letters 17.1 (2017): 392-398

lim
𝓔𝒍→0

𝜕𝜒𝑖𝑗𝑘
2

(𝑹𝟎, 𝓔)

𝜕𝓔𝒍
= 𝜒𝑖𝑗𝑘𝑙

3
−2𝜔; 𝜔, 𝜔, 0

Electronic contribution to SHG with the 

atoms fixed in their equilibrium positions.

Our observations [1] reveal a linear 

dependence for small fields and a quadratic 

dependence at higher fields, consistent with 

the experimental findings [2].
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density matrix 𝛾 induced by the external field.
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Codes for simulating periodic systems rely on symmetries 

for cost and performance.

Real-time simulations with a time-dependent electric field 

can be very challenging:

• broken time-reversal symmetry

• dense k-grids

• spin-orbit coupling

• additional symmetry-breaking (e.g. static fields)

• high level of theory
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We derive a simplified screened exchange term:

long-range screened exchange (LSEX):

(i) Only long-range is considered at first order (𝑮 = 𝑮′ = 0)

(ii) Additional 𝑮-vectors for desired convergence

(iii)  Neglect local-field effects (can be relaxed if needed)

Codes for simulating periodic systems rely on symmetries 

for cost and performance.

• broken time-reversal symmetry

• dense k-grids

• spin-orbit coupling

• additional symmetry-breaking (e.g. static fields)

• high level of theory

Real-time simulations with a time-dependent electric field 

can be very challenging:
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Only a few G-vectors are required to reproduce the first excitons.

Codes for simulating periodic systems rely on symmetries 

for cost and performance.

• broken time-reversal symmetry

• dense k-grids

• spin-orbit coupling

• additional symmetry-breaking (e.g. static fields)

• high level of theory

Real-time simulations with a time-dependent electric field 

can be very challenging:

[1] SciPost Physics Core 7.4 (2024): 081; [2] Nature communications 5.1 (2014): 4543

Imaginary part of the dielectric function of monolayer WSe2, calculated at 

the BSE level, using both HSEX and LSEX approximations (with different 

numbers of G-vectors). Our results [1] are compared with the experimental 

measurements of [2].
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We derive a simplified screened exchange term:

long-range screened exchange (LSEX):

(i) Only long-range is considered at first order (𝑮 = 𝑮′ = 0)

(ii) Additional 𝑮-vectors for desired convergence

(iii)  Neglect local-field effects (can be relaxed if needed)



❑ Nonlinear optics enables broad applications across 

physics, medicine, and electronics. 

❑ Real-time approaches provide direct access to optical 

responses at any order with the same EOMs. 

❑ TDSE methods offer a flexible way to include 

interactions beyond the IP picture.

❑ Nonlinear responses can be induced and tuned in 

materials using appropriate means (e.g. electric fields) 

Conclusions
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